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1-Introduction 
  
Dissipative interactions in the presence of a heat bath in squeezed vacuum state can be analyzed using 
phase space representations of density operator [1-4]. In this work, instead of using these conventional 
techniques we treat the time evolution of density operator by virtue of the entangled state representation [5, 
6] and also employ “dissipative interaction picture” to solve the problem. The method of entangled state 
representation for solving master equation of an open system is a newly developed method, and introduced 
and widely used by H.Y. Fan [7-9]. In this representation one can represent any single mode operator, for 
example density operator, by a vector in a two-mode Fock space of which second mode is a fictitious 
mode. In this way master equation appears as a Schrödinger-like time evolution equation and therefore 
familiar techniques, for example interaction picture, can be used in a new content.    
    The aim of this work is to solve the master equation of a damped harmonic oscillator which is externally 
driven by a classical force field and immersed in a squeezed bath. As a new method we introduce 
“dissipative interaction picture” for entangled state representation of density operator. Moreover we relate 
time evolution processes to different quasi-distribution representation of initial Wigner function with time 
dependent ordering parameter.    
   This paper is organized as follows. 
In Sec. 2, we briefly review some important elements of thermo-entangled state representation. In Sec. 3, 
we review those concepts from complete Gaussian class of quasi-distributions which are needed for our 
discussions. In Sec. 4, we solve the problem of driven damped harmonic oscillator in squeezed bath using 
“dissipative interaction picture” in entangled state representation. Sec. 5 is devoted to calculation of Wigner 
function. In Sec. 6 we relate time evolution of the Wigner function to complete calss of quasi-distributions. 
Sec. 7 is devoted to conclusions.  
 
2- A brief review of the thermo entangled state representation 
  
 Consider a two-mode Fock space and let    and     be the pairs of canonical annihilation and 
creation operators of the first (physical) and the second (fictitious) mode respectively. Defining 
     and         one can recognize that       	 and therefore there exist a set of common 
eigen-vectors of     called thermo-entangled states, and defined by 
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In [10, 11] it is shown that these states can be given by  
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Where   is two-mode vacuum state and Thermo entangled states obey orthogonality condition and 
provide the following decomposition of identity operator of the doubled Fock space 
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    Thermo entangled states can be used to “represent” any operator   of the physical mode by a ket-vector 
    of the doubled Fock space. Moreover, if  is given then there exist a unique  (related to 
physical mode) which has this thermo-entangled state representation. If   is a density operator then ket-
vector  contains all information about quantum state. For example expectation value of an operator 
may be found as follows  
                                                       (4) 
   Using thermo-entangled state representation of density operator one can recast master equation of an 
open system to a new Schrödinger-like equation and solve it. A useful property of thermo-entangled state 
representation of density operator is that we can directly calculate related Wigner function from it. It is 
shown that [5, 6] 
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Using Eq. (4) and Eq. (5) the Wigner function    can be find as follows  
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This means that

   and     relates to each other by Fourier transform.  
 
3- The complete Gaussian class of quasi-distributions 
   
   Let us briefly review some basic concepts of Guassian quasi-distribution representation of quantum   
states [12]. Every

-parameterized quasi-distribution for density operator  corresponds to transition 
operator    	      which is defined by a convolution relation as follows  
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Here  	  is the Wigner operator, i.e. Fourier transform of displacement operator  
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and    
  

 is a normalized function on complex plane ( phase space ) defined by  
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If   is density operator of a quantum state then related 

-parameterized quasi distribution is defined by  
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The set of transition operators obey following completeness and orthogonality relation [12]  
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and density operator can be reconstructed as  
   
	
  

 	

  

                                                               (12) 
    The concept of Guassian quasi-distributions closely related to Gaussian class of orderings with vector 
parameter  

  . In [13] ordering “operator”   is defined by  
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Where  
  

 is Fourier transform of Eq. (9). Fundamental property of     

  

  is that its 


parameterized quasi-distribution representation can be found by following simple rule 
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4 -Driven harmonic oscillator in a squeezed bath 
   
Consider a quantum harmonic oscillator with natural frequency  which is driving by time dependent 
uniform force field and let  
                                                                         (15) 
be the Hamiltonian operator. If this system has interaction with a heat bath in squeezed vacuum state then 
its master equation for density operator in Schrödinger picture is [1,2] 
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Where the coefficients and are the average photon number of the thermal bath and the damping constant 
respectively, and is the parameter of a squeezed reservoir. Using change of 
variable    
               
   which may be called “rotational interaction picture”, we find a more 
simplified form of the master equation as follows  
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In view of definition Eq. (1) for   and by acting both sides of Eq. (17) on   one can find a 
Schrödinger like time evolution  
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It is a simple task to check following commutation relations 
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Using these relations one can find that         
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  	  therefore integration of Eq. (18) is 
not straightforward. To solve Eq. (18) we introduce following “dissipative interaction picture” defined by  
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for entangled state representation of density operator. For new variable    we have 
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Making use of commutation relations Eq. (20) one can find   
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Now because of        
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     we can easily integrate Eq. (22) and find  
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where we use initial condition            .  Solving the above integral leads to the 
following solution  
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where  
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In view of identities       and        it is straightforward to show that  
 
 
 
	 	 	 	 	 	
	 	 	 	 	 		 	      

	
         
 
  
       
 
 
        
 
 
	  	  	 	 	 		 	 

 
 



  &      (27) 
Now because of identity    
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In which   is an operator related to physical mode. To find the density operator in rotational interaction 
picture, i.e.    

       after some algebra we can write  
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Now, we must rewrite right hand side of the above equation as the action of a unique density operator   
related to physical mode on   . To this end we employ following operator identity [14]  
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Where, time dependent coefficient    defined as follows  
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After some simple algebra one can find that  
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Where 	 	    . Now, expanding exponential functions in Eq. (31) leads to  
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where we use identities      and       . This formula is the general solution of the 
problem of driven damped quantum harmonic oscillator in squeezed bath. 
 
5 - Wigner function calculation 
    
In this section we find Wigner function representation of formal solution Eq. (34). In view of Eq. (6) one 
can find Wigner function representation as follows. We begin by calculating 
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One can find  
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To employ Eq. (6) for calculation Wigner function we need  
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  , and from Eq. (18, 25) we have 
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Finally equation Eq. (6) leads to  
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To simplify this result, we rewrite above relation as follows  
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Where in the last step, inverse Fourier transform of Eq. (6) is used. Further simplification can be made if 
one uses change of variable    	     and integration formula  
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Therefore leads to  
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Right hand side of this relation explicitly is the convolution of normalized function  
   with initial 
Wigner function, where  
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6 – Relation to complete class of Gaussian quasi distributions  
   
 In this section we show that, how the essential part of time evolution Eq. (43) relates to change of ordering 
parameter 

 in Gaussian quasi-distribution representation of density operator. Direct integration show that 
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and comparing with Eq. (9) show that        
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If we define     	           	    as a map which explicitly conserve normalization, we 
have  
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                          (47) 
For example if initial state is       
   , Because of the property         
 
 
  
     we 
can write [12] 
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As another example consider coherent state         as initial state with Wigner function  
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                   (49) 
In view of (14) time evolution of the Wigner function is  
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In the last step we have used the fact that     
  act as a translation operator. Finally we have  
     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   In more general case every normalized function on complex plane (phase space) can be written as 
successive convolutions of the following functions [12] 
 
     	   
       
 
                                                    (52) 
In which   is a complex number and 
 

  is a complex vector and so on. Convolution with 
    
  affect only on the second factor of the above resolution and other parameters remain unchanged. 
In fact the set of normalized functions armed with convolution product forms a commutative group and 
convolution with   
  

  is a subgroup which physically realized when our system interacts 
with a squeezed bath. 
 
7- Conclusions  
   In summary, we have employed “dissipative interaction picture” in entangled state representation of 
density operator for treating the time evolution of the quantum state of a driven harmonic oscillator in 
squeezed heat bath. Moreover we show that the essential part of the dynamics can be expressed by the 
convolution of initial Wigner function with function     
   related to complete class of Gaussian quasi-
distributions. 
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